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Abstract 
The implementation of automated systems that meet the desired functional 
specifications requires scientifically proven modelling and design tools. The 
achievement of an automated computing system that meets the set criteria and 
technical specifications depends on several factors. These include the accuracy  
and the accuracy of the choice of modelling and design tools, the degree to 
which they are appropriate and adaptable to the application domain, the nature 
and setting of the application domain, the functional requirements and the 
available resources, to name but a few. This paper aims to extend the ontolog-
ical basis of Petri nets by proposing an iterative algorithm for incidence matrix 
construction. The paper concludes with a discussion of the results focusing on 
the accuracy of the designed algorithm and its usability in the implementation 
of functional, reliable and robust automated systems. 
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1. Introduction 

The implementation of automated systems with specific functionalities and meet-
ing certain reliability criteria requires modelling and simulation work at the pre-
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design stage [1]. 
In terms of mathematical modelling of automated systems, including discrete 

event systems, engineers use a range of tools, some of which are centuries old and 
others recent. Examples include Markov chains, mathematical interpolation, dy-
namic programming, approximation, linear regressions, relational and/or linear 
algebra, graph theory, Petri nets, etc.  

Among the formal mathematical modelling tools, Petri nets are recent. On the 
other hand, they have already proved to be adequate formal tools in the design 
and implementation of automated management systems.  

Indeed, since their invention in the 1960s, Petri nets, rich in a vast and simple 
ontological base, offer developers of automated systems a range of methods for 
the formal study of the properties and thus functional specifications of the future 
system at the modelling stage [2]. 

The works of scholars and researchers such as Bouali Mohamed [3], have high-
lighted the importance of an a priori study of the behaviour of the future system 
at the pre-design stage and, therefore, of the technical and functional specifica-
tions of the future system before its actual implementation. Carried out upstream, 
this work aims to minimize design and implementation costs.  

The modelling, design and synthesis activities of the future system are carried 
out by means of analysis methods that emanate from its ontological base, includ-
ing coverage graphs, marking graphs, place and/or transition invariants through 
the use of the Gauss pivot method, etc. [3] [4]. 

In the present work, an iterative algorithm for the construction of an incidence 
matrix will be proposed. The last will support the study and analysis of most of 
the behavioural properties of the future system.  

Finally, we develop an iterative algorithm for constructing the incidence matrix. 
We demonstrate a proof of correctness for algorithms with two nested loops, us-
ing mathematical induction. 

For the algorithm developed, we demonstrated proof of correctness for algo-
rithms with two nested loops using mathematical induction. This method of prov-
ing the correctness of an algorithm with two nested loops is new, as in other works, 
they were limited to a single loop. 

2. Subject Matter, Tools, Materials and Methods  

The work in this paper is based on a model of an automated random discrete event 
system represented as a generalized Petri net.  

The methods of study and analysis of Petri nets, such as coverage and/or mark-
ing graphs and place and/or transition invariants, allow the properties or behav-
iours of the future automated system to be identified.  

Further work will focus on a concrete case study in order to demonstrate the ap-
plicability of the results obtained and confirm the pragmatic aspect of this approach. 

We intend to use some of these tools, means and methods applicable to Petri 
nets to formulate, state and develop an iterative algorithm for constructing an 
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incidence matrix from a Petri net. 
The representation of a Petri net structure by means of the incidence matrix 

aims to shed light on the behavioural properties or specifications of the future 
system. The design of an iterative algorithm for the construction of an incidence 
matrix whose correctness is confirmed, and which requires an acceptable execu-
tion time leads us to resort to the methods of analysis of the algorithmic complex-
ity as well as the techniques of proof of correctness of iterative algorithms includ-
ing the invariants of loop which recalls the notion of the mathematical induction. 

3. Results  
3.1. Iterative Algorithm for the Construction of an Incidence Matrix  

of a Petri Net  

To build this algorithm for the construction of an incidence matrix, we rely on a 
computational approach based on matrices called respectively before and after ac-
cording to Equation (1) [3] [5]. 

 W W W+ −= −   (1) 

This incidence matrix C is also called the action vector. Now, the forward inci-
dence matrix, W − , associated with a transition jT  indicating the conditions 
that react to the crossing of this transition depends on the current marking of M(p). 

 ( )
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 ( ), if the arc exists

0 otherwise
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( ),i jw p t  is a specific value assigned to the arc that leaves ip  to   jt  
The value of the weight of the arc is equal to 1 if there is no value assigned to 

this arc. 
In other words, ( ),i jw p t  defines the minimum number of tokens for the tran-

sition jt  to be traversable.  
Incidence matrix after: 
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 ( ), if the arc exists

0 otherwise
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The action vector W is based on the elements that effectively define a Petri net. 
The determination of the incidence matrix before W − , after W +  and of inci-

dence W assumes that 
n∀ ∈  and m∀ ∈ ,   being the set of natural numbers. 

Where m is the number of transitions and n is the number of places. 
{ }1, ,i n∀ ∈   and { }   1, ,j m∀ ∈  . 

Listing 1 below gives the sequence of instructions for the iterative algorithm for 
constructing or determining an incidence matrix associated with any Petri net. 

 

 
 

( )bow_weight ,i jP T : This is the evaluation of the arc that connects the ith place 
to the jth transition. 

( )bow_weight ,j iT P : This is the evaluation of the arc that connects the jth tran-
sition to the ith place. 

3.2. Accuracy and Correctness of the Algorithm 

Correctness of the algorithm carries the idea of being correct and not that of cor-
recting, which would imply identifying errors [6]. The process of checking the 
correctness of an algorithm is based on the concept of loop invariance [7]. The 
latter is a property composed of three essential elements—initialization, conser-
vation and termination. Initialization defines a condition (precondition) that en-
sures that the algorithm is correct when entering the loop. Retention is a condition 
that ensures that the algorithm is correct when starting the “next” iteration; that 
is, that the operations performed during the previous iteration are correct in the 
sense of this algorithm. Finally, the termination is the condition (post condition) 
that ensures that the algorithm is correct at the end of the last iteration of the loop, 
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and at the exit of the loop. 
The loop invariant is thus a concept of verification of algorithms that exploits 

the notions of mathematical induction.   

3.2.1. Variant and Loop Invariant 
By definition, a variant of a loop is an expression whose value varies at each iter-
ation of the loop. A loop variant is used to prove that a “While” loop ends. In 
other words, it stops after a finite number of steps [7]. 

3.2.2. Accuracy of the Iterative Algorithm for Constructing the Incidence  
Matrix 

Assertion “The iterative algorithm for constructing the incidence matrix of a gen-
eralized Petri net is correct, exact.” 

Let us prove this assertion using the method of mathematical induction, which 
is a method by recurrence. 

• Initialization: the values of the variables n and m correspond to the total 
number of places and transitions respectively. A priori, { }0n∈ ∪ ∞  and 

{ }0m∈ ∪ ∞ . Before starting each of these two loops, i and j each contain 1. We 
then have values of the weights of the arcs that connect the transition to the square 
or square to the transition. The difference between the weight of the arc that exits 
the transition jT  to the square iP  and the weight of the arc that exits the same 
square to the same transition is noted as follows: ( ) ( ), ,j i i jT P P T− . 

• Conservation: Let [ ]1,i n∈  and [ ]1,j m∈ , assume  
[ ] [ ] [ ] [ ]( )( ), , 1 , , 1P i j j j m+ + − . This means that we perform the first iteration 

of i and then successively iterations of [ ]j , [ ]1j + ,  , ( )1j m+ −   , the ele-
ments of the first row of the matrix C will be positive or negative integers which 
are respectively the differences of the weights of the arcs  

( ),j iT P  and ( ),i jP T , ( )1,j iT P+  and ( )1,i jP T + ,  , ( )( )1 , ij mT P+ −  and 

( )( )1  ,i j mP T + − . Thus we have: ( ) ( )  , ,ij j i i jW T P P T= − , ( ) ( ) ( )1 11 , ,j i i ji jW T P P T+ ++ = − ,

 , ( )( ) ( )( ) ( )( )1 11 , ,i ij m j mi j mW T P P T+ − + −+ − = − . With iteration 1i +  and then succes-

sively iterations ( ), , , 11j mj j+ + − , the elements of the second row of the ma-

trix C will have the following values respectively: ( ) ( )( ) ( )( )1 1 1  , ,j ji j i iW T P P T+ + += − , 

( )( ) ( )( ) ( )( )1 11 1 1 1, ,j ji j i iW T P P T+ ++ + + += − ,  ,  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 1 1 11 1 , ,j m i i j mi j mW T P P T+ − + + + −+ + − = − . Hence 

( ) [ ] [ ] ( )( )( )  1 , , 1 , , 1i j j j m+ + + −       . We can continue the operations in the 

same way until i n=  or ( )1i n+ − . On exiting the loop, the values taken by the 

last line are respectively: ( )( ) ( )( )( ) ( )( )( )1 1 1, ,j ji n j i n i nW T P P T+ − + − + −= − ,  

( )( )( ) ( )( )( ) ( )( )( )1 11 1 1 1, ,j ji n j i n i nW T P P T+ ++ − + + − + −= − ,  , 

( )( ) ( )( ) ( ) ( )( )( ) ( )( ) ( )( )1 11 1 1 1, ,j m j mi n j m i n i nW T P P T+ − + −+ − + − + − + −= − . Hence  
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( )( ) [ ] [ ] ( )( )( )1 , , 1 , , 1P i n j j j m+ − + + −       . Hence the expected result for the 

last row of the matrix. So, the algorithm is correct. 
• Termination: Indeed, thanks to the proof of the loop variant we can prove 

termination. Knowing that i starts at 1, 0n∀ ∈  and [ ]1,i n∀ ∈ , i n≤ . Know-
ing that j starts at 1, 0m∀ ∈  and [ ]1,j m∀ ∈ , j m≤ . 

Thus, we have: 

 1i
n i n
=

=∑  and 
1j

m j m
=

=∑  (8) 

We have found a suitable loop variant, so according to the stopping theorem of 
each of two nested conditional loops, each loop ends. The integer quantities i and 
j are integer, positive, and strictly increasing by 1 up to n and m respectively. 
When the two quantities i and j reach n and m respectively, the two loops (while 
( i n≤ ) and while ( j m≤ )) finish the job. By the time i becomes greater than n 
and j greater than m, the n places and m transitions have been effectively pro-
cessed. 

3.2.3. Complexity of the Developed Algorithm  
Each algorithm has two main resources associated with it—execution time and 
memory space [8]. The study of algorithmic complexity aims at determining the 
execution time and memory space required for an algorithm to deliver the ex-
pected result. In this paper, we will deal with the concept of time complexity.  

Time complexity is the number of elementary operations that an algorithm 
must perform to complete the job and provide the expected result when the size 
of the elements to be processed is very large, tends to infinity, and, therefore, in 
the worst case. The establishment of the order of complexity makes it possible to 
determine the behaviour of the algorithm when n tends to infinity [9]. 

For the developed algorithm, as shown in Listing 1, let ( )T n  be the execution 
time, a function with one argument called n, n being the data size and ic  the time 
cost of line i. The worst-case complexity calculation is the time required to execute 
all lines and exit the loop (end of outer loop). 

As shown in Listing 1, the start of the nested loop starts from line 10. 
The cost of instructions 1 to 9 is a constant value, which depends on the char-

acteristics of the computer. We will denote this constant as r. 
The time complexity of the set of instructions executed in the nested loop is 

given by the expression or Equation (9) 

( ) ( )10 11 13 14 16 17 18 20 21 23 24
1 1

n m

i j
T n r C C C C C C C C C C C

= =

= + + + + + + + +
 
 
 

+ + +∑ ∑  (9) 

( ) ( ) ( ) ( )10 11 13 14 16 17 18 20 21 23 24
1 1 1 1

n n m n

i i j i
T n r C C C C C C C C C C C

= = = =

= + + + + + + + + + + +∑ ∑∑ ∑  (10) 

( ) ( ) ( )10 23 24 11 13 14 16 17 18 20 21
1 1 1

n n m

i i j
T n r C C C C C C C C C C C

= = =

= + + + + + + + + + + +∑ ∑∑  (11) 

( ) ( ) ( )10 23 24 11 13 14 16 17 18 20 21
1 1 1
1 1

n n m

i i j
T n r C C C C C C C C C C C

= = =

= + + + + + + + + + + +∑ ∑∑  (12) 
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( ) ( ) ( )10 23 24 11 13 14 16 17 18 20 21
1

n

i
T n r C C C n C C C C C C C C m

=

= + + + × + + + + + + + + ∑  (13) 

( ) ( ) ( )10 23 24 11 13 14 16 17 18 20 21T n r C C C n C C C C C C C C n m= + + + × + + + + + + + + × ×    (14) 

Assuming that m equals n, then equation number (14) will become 

( ) ( ) ( ) 2
10 23 24 11 13 14 16 17 18 20 21T n r C C C n C C C C C C C C n= + + + × + + + + + + + + ×   (15) 

Let ( )11 13 14 16 17 18 20 21C C C C C C C C p+ + + + + + + = , ( )10 23 24C C C q+ + =  
Then  

 ( ) 2T n pn qn r= + +    (16) 

 ( ) ( )2T n nθ∈   (17) 

Indeed, algorithms with two nested asynchronous loops, each ranging from 1 
to n respectively and with the inner loop body being constant, have, in general, a 
quadratic complexity. Algorithms with polynomial complexity can also be con-
sidered efficient, provided that the power of the general term is not too large [10]. 

3.2.4. Example of the Use of the Algorithm on an Anonymous Generalized  
Petri Net 

Let us consider an anonymous Petri net, as shown in Figure 1. 
We can summarize in a two-dimensional table what the algorithm does for each 

iteration of the outer loop of these two nested “While” loops. 
 

 

Figure 1. Example of a Petri net. 
 

In the figure above, we have: 
 Number of transitions n = 3; 
 Number of places m = 5. 
 The weights of the arcs: 
• ( ) ( )1 1 1 1, , 0 1 1T P P T− = − = − ; 
• ( ) ( )2 1 1 2, , 0 0 0T P P T− = − = ; 
• ( ) ( )3 1 1 3, , 2 0 2T P P T− = − = ; 
• ( ) ( )1 2 2 1, , 1 0 1T P P T− = − = ; 
• ( ) ( )2 2 2 2, , 0 0 0T P P T− = − = ; 
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• ( ) ( )3 2 2 3, , 0 2 2T P P T− = − = − ; 
• ( ) ( )1 3 3 1, , 1 0 1T P P T− = − = ; 
• ( ) ( )2 3 3 2, , 0 1 1T P P T− = − = − ; 
• ( ) ( )3 3 3 3, , 0 0 0T P P T− = − = ; 
• ( ) ( )1 4 4 1, , 0 0 0T P P T− = − = ; 
• ( ) ( )2 4 4 2, , 1 1 0T P P T− = − = ; 
• ( ) ( )3 4 4 3, , 0 0 0T P P T− = − = ; 
• ( ) ( )1 5 5 1, , 0 0 0T P P T− = − = ; 
• ( ) ( )2 5 5 2, , 1 0 1T P P T− = − = ; 
• ( ) ( )3 5 5 3, , 0 2 2T P P T− = − = − ; 

With this example, we will use the concept of loop invariant to prove that the 
algorithm developed is accurate and correct. 

We will describe the evolution of the values of the variables i—external loop 
sentinel that indicates places and j—internal loop sentinel that indicates transi-
tions by applying it to the Petri net of Figure 1. Table 1 provides the execution 
protocol of the algorithm. 

 
Table 1. Protocol for running the algorithm. 

j 
i 

1 2 3 4 

1 ( ) ( )11 1 1 1 1, , 0 1 1W T P P T= − = − = −  ( ) ( )12 2 1 1 2, , 0 0 0W T P P T= − = − =  ( ) ( )13 3 1 1 3, , 2 0 2W T P P T= − = − =  No value 

2 ( ) ( )21 1 2 2 1, , 1 0 1W T P P T= − = − =  ( ) ( )22 2 2 2 2, , 0 0 0W T P P T= − = − =  ( ) ( )23 3 2 2 3, , 0 2 2W T P P T= − = − = −  No value 

3 ( ) ( )31 1 3 3 1, , 1 0 1W T P P T= − = − =  ( ) ( )32 2 3 3 2, , 0 1 1W T P P T= − = − = −  ( ) ( )33 3 3 3 3, , 0 0 0W T P P T= − = − =  No value 

4 ( ) ( )41 1 4 4 1, , 0 0 0W T P P T= − = − =  ( ) ( )42 2 4 4 2, , 1 1 0W T P P T= − = − =  ( ) ( )43 3 4 4 3, , 0 0 0W T P P T= − = − =  No value 

5 ( ) ( )51 1 5 5 1, , 0 0 0W T P P T= − = − =  ( ) ( )52 2 5 5 2, , 1 0 1W T P P T= − = − =  ( ) ( )53 3 5 5 3, , 0 2 2W T P P T= − = − = −  No value 
6 No value No value No value No value 

 

Finally, we have the following incidence matrix: 

1 0 2
1 0 2
1 1 0
0 0 0
0 1 2

W

− + + 
 + + − 
 = + − +
 
+ + + 
 + + − 

 

4. Discussions 

The correctness of the iterative incidence matrix construction algorithm guaran-
tees that the algorithm is mathematically correct and scientifically valid for use. 
Furthermore, most of the algorithms with two nested loops whose complexity is 
a quadratic function are simple and easy to use. The effectiveness and efficiency 
of this algorithm offer multiple advantages.  

Indeed, the optimal use of the processor’s time attested by the smallness of the 
polynomial complexity found and its efficiency in the worst case, guarantees the 
achievement of the expected result within the limits of the available resources. 
Moreover, the simplicity of searching for an element by the indexed access approach 
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and the ease of implementation reinforce the applicability of the result obtained 
in the modelling and design of automated systems. 

Ongoing work on the possibility of representing Petri nets as linear linked lists 
will reaffirm the pragmatic aspect and usability of the latter. 

5. Conclusions  

The iterative algorithm for constructing the incidence matrix of a Petri net sim-
plifies and facilitates the modelling and synthesis of an automated system. 

Contrary to sequential access, indexed access to the elements entering into the 
composition of a Petri net constitutes an important methodological contribution 
to the analysis and synthesis of discrete event automated systems. As it is not 
greedy, and therefore requires reasonable and acceptable spatial and especially 
temporal resources, its adoption and implementation in formal Petri net-based 
modelling tools and platforms would bring added value. 

The algorithm developed for the construction of the incidence matrix is accu-
rate and correct for use. In future work, we will extend the ontological basis of 
Petri nets by introducing the tools needed to traverse the different states of the 
Petri net modelled system and reconfigure the existing Petri net modelled system 
by modifying or adding a node. 
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List of Variables Used 

W : incidence matrix 
W − : incidence matrix before 
W + : incidence matrix after 
i: variable for scrolling through the rows of the incidence matrix   
j: variable for scrolling through the columns of the incidence matrix   

ije : element of the incidence matrix 
P: places  
T: transitions 
( ),i jp tω : weight of the arc of place ip  to the transition jt  

n: is the number of places. 
m: is the number of places 

ic : cost of the ith line 
[ ][ ]W n m : incidence matrix with variable n as the total number of rows and 

variable m as the total number of columns 
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